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Eﬀect of cross-section-change induced advective ﬂow on the primary
dendrite array morphology of hypoeutectic Pb-Sb alloys during directional
solidiﬁcation
K. Pandit, S.R. Upadhyay, S.N. Tewari
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Communicated by Christopher Gourlay

The morphology and distribution of primary dendrites have been examined in Pb-2.2, 5.8 and 10.8 wt. pct. Sb
alloy samples directionally solidiﬁed (DSed) in ampoules shaped like an hour-glass to examine the inﬂuence of
cross-section change induced advective ﬂow on the cellular/dendritic interface. This sample design increases the
advective ﬂow of the melt towards the array tips, as the liquid-solid interface enters the neck of the ampoule, and
then decreases it as the interface exits the neck. The warm solute-rich melt ﬂowing towards the growth front
suppresses the extent of side-branching, decreases the primary dendrite spacing, and increases the primary
dendrite trunk diameter as observed in the Pb-5.8 and 10.8 Sb alloys. The ﬂow appears to suppress the formation
of cells. A cellular interface growing in the Pb-2.2Sb alloy became planar as the solidiﬁcation front entered the
neck, becoming cellular again as it exited the neck.
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1. Introduction
Ideally the primary dendrite arms in superalloy single crystal castings are uniformly distributed and all are in a 〈1 0 0〉 orientation parallel to the blade axis, without sub-grains. The molds for these castings
contain ceramic cores. Solidiﬁcation thus progresses through several
cross-sectional changes. In addition, the helical grain selector at the
bottom and the platforms at the root and the tip of the blade introduce
other major section changes. Castings with grain misalignment, low
angle grain boundaries, spurious grains, “slivers” and “freckles” are
rejected; all these defects are believed to be related to the convection at
the cross-sectional changes. Eﬀect of convection due to cross-sectional
changes during directional solidiﬁcation on the radial and axial macrosegregation [1–15], and on the formation of stray grains [16–23]
have been extensively investigated. The eﬀect of cross-section-change
induced advective ﬂow on the dendrite-array morphology, however,
has not been studied.
The inﬂuence of forced convection on the dendrite array morphology has been examined by superimposing a shear-ﬂow (transverse
to the growth direction) during solidiﬁcation of transparent organic
model “alloys” [24–30] and of Ga-25In [31,32]. The inﬂuence of natural convection on the dendrite array morphology has been studied by,
(i) comparing morphologies observed in samples solidiﬁed in larger

diameter ampoules with those grown in smaller diameter ampoules or
within narrow-gaps in order to mitigate convection [33,34], (ii) selecting alloy compositions and growth conditions which promote
buoyancy ﬂows in the mushy zone either towards the tips of the primary dendrites or towards their base [35,36], (iii) comparing microstructures of alloys solidiﬁed on earth with those grown in the lowgravity environment of space [35–44], (iv) using magnetic ﬁelds during
directional solidiﬁcation to suppress [45] or enhance convection
[46–48], and (v) by developing semi-empirical formulations [45] that
qualitatively explain the discrepancy between the observed primary
spacings and those predicted from models which are based on purely
diﬀusive transport. Numerical simulation attempts, both two and three
dimensional, have been made to study the relationship between convection and dendrite morphology [48–52]. However, because of the
computational limitations, a numerical analysis which truly incorporates the three-dimensional complex inter-dependence of the
dendrite morphology, the mushy-zone permeability, and the imposed
convection has not been possible.
Theoretical models have shown that “shear ﬂow” suppresses the
onset of morphological instability [24–26]. Directional solidiﬁcation
experiments with imposed shear ﬂows have been carried out on succinonitrile-acetone [27,28], succinonitrile-camphor [29], or cyclohexanol [30], in gaps (200–300 µm) between glass slides. These

experiments showed that cells bend towards the downstream of shear
ﬂow [27] and that dendrites bend towards the upstream [27–30]. Sidebranching was enhanced upstream of the primary dendrite arms and
suppressed downstream [27–30]. Also, the primary dendrite spacing
was signiﬁcantly larger in the presence of shear-ﬂow than that without
any imposed convection [29,30]. Imposed shear ﬂow has been shown
to promote growth of side-branches at the upstream side of primary
dendrites in Ga-25In alloy [31].
Eﬀect of sudden change in cross section was studied by Fabietti
et al. [53] on succinonitrile-acetone alloys in thin (∼150 μm) transparent glass crucibles. For a constant translation speed, the interface
velocity was observed to decrease as the interface entered the narrow
cross-section, this resulted in an initially planar shape becoming cellular, and a cellular shape becoming dendritic. However, when the
minimum cross-section was about ﬁve times the primary spacing, no
appreciable change was observed when the dendrite array traveled
across the cross-sectional change. In these experiments, however, the
wall-eﬀects might have distorted the array morphology, and the Lewis
Number of these materials is three orders of magnitude smaller than
that of the metals. Thus, the true three-dimensional behavior of dendrite arrays was missed.
Primary dendrite spacing in metallic alloy samples grown in the
low-gravity, reduced convection, environment of space was observed to
be larger than in the samples grown terrestrially in the presence of
natural convection, 11% larger in Al-3.5 wt.%2 Li [41], 30% larger in
Cu-29Mn [42], 36% larger in Al-1.5Ni [41] and four and half times
larger in Al-26Cu [35,37]. This was also true for the faceted CuAl2
dendrites in the hyper-eutectic Al-40Cu [35]. Observation of larger
spacing in microgravity processed samples in the absence of terrestrial
natural convection is contrary to the primary spacing increase observed
in the presence of convection imposed by shear ﬂow [29,30].
Attempts were made to suppress convection during dendritic arrayed growth of metallic alloys by superimposing axial magnetic ﬁelds
and by reducing the crucible diameter. The application of transverse
magnetic ﬁeld, however, did not suppress convection; instead it distorted the morphology of the mushy zone because of the anisotropy in
the ﬂuid ﬂow [45,47]. It has been shown that capillary diameters signiﬁcantly less than 1-mm are required to eliminate convection during
directional solidiﬁcation of Al-4Cu alloy [33]. The use of such a small
ampoule diameter would allow growth of only one or two dendrites
that are signiﬁcantly constrained by the wall eﬀects. It is impossible to
grow a dendrite array with the usually observed 100–300 µm spacing in
these capillaries.
The contradictory observations described above, larger primary
dendrite spacing in the presence of convection due to shear-ﬂow than
that in its absence [29,30] and increased primary dendrite spacing in
low gravity grown (reduced convection) samples as compared with
those terrestrially solidiﬁed [35–42], suggest that the nature of convection may be quite diﬀerent under the two circumstances; i.e.,
changes of the dendrite morphology resulting from convection due to
shear ﬂows do not represent those that are associated with the thermosolutal convection during terrestrial directional solidiﬁcation. A true
understanding of the eﬀect of natural convection on the dendritic array
morphology and its distribution cannot be attained by imposing only a
transverse ﬂow. Superimposing a ﬂow that is either parallel or antiparallel to the growth direction, however, is very diﬃcult during directional solidiﬁcation as compared to the transverse shear ﬂow. Perhaps that is the reason why only the eﬀects of imposed shear ﬂows on
the cellular-dendritic morphology and its ordering have been systematically studied so far, not the eﬀect of parallel ﬂow.
The purpose of this study was to examine the role of the crosssection change induced axial advective ﬂow towards or away from the
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In this paper wt.% is dropped so Pb-5.8 wt% Sb is simply designated as Pb5.8Sb, and so on.

liquid-solid interface on the cellular/dendrite array morphology and
ordering during directional solidiﬁcation of metallic alloys by using
hour-glass shaped ampoules. It is seen that for a dendritic array the
increased ﬂow toward the growth front suppresses the extent of sidebranching and decreases the primary dendrite spacing. For a cellular
array it can suppress the side-branching completely and yield a planar
liquid-solid interface. It also increases the trunk diameter of primary
dendrites.
2. Experimental
2.1. Alloy preparation and directional solidiﬁcation
Three alloys representing varying mushy zone permeability, Pb2.2Sb, Pb-5.8Sb and Pb-10.8Sb were prepared by melting together lead
and antimony (99.99% purity) in an argon environment. The mushy
zone is more permeable for the 5.8Sb alloy than for the 2.2Sb; the
freezing range and the fraction eutectic are 61 K and 9% for the 2.2Sb
alloy, and 36 K and 42% for the 5.8Sb alloy. The 10.8Sb alloy is very
close to the eutectic (Pb-11.2 wt. pct. Sb) and has very small fraction
solid ∼6%.
Directional solidiﬁcation was carried out in ampoules shaped like an
hour-glass, schematically shown in Fig. 1(a). This sample design increases the advective ﬂow towards the interface as the liquid-solid interface enters the neck of the ampoule and decreases the ﬂow as the
interface exits the neck. The “hour-glass” ampoule made from 7-mm
I.D. quartz tube was placed inside a larger diameter (12-mm I.D.) ampoule, also ﬁlled by the identical alloy charge, to mitigate radial gradients at the growth front. The ampoule neck was approximately 4-cm
long. The minimum diameter at the neck ranged from 3 to 4-mm in
various ampoules. A 2-cm long lead single crystal (〈1 0 0〉 parallel to
the growth direction) seeded the solidiﬁcation of either Pb-2.2Sb, Pb5.8Sb or Pb-10.8 Sb alloy kept above the seed. Directional solidiﬁcation
was carried out by withdrawing the hot-zone of the furnace up-wards at
two growth speeds: 2.5 μm s−1 and 30 μm s−1, while the quartz ampoule remained stationary. Both experiments were carried out under a
thermal gradient at the liquidus (Gl) of about 82 K cm−1. Total length of
about 14 to 16-cm of the sample was solidiﬁed.
In one of the experiments, four 0.5-mm chromel-alumel thermocouples, enclosed in 1-mm quartz capillaries, were also inserted in the
inner “ampoule” and placed along its length in order to measure the
thermal gradients in the melt ahead of the dendritic array as the array
tip traversed along the ampoule length. The thermal proﬁles recorded
by the four thermocouples (TC#1 through TC#4) during directional
solidiﬁcation of Pb-5.8Sb alloy at 30 μm s−1, with the furnace hot zone
temperature of 873 K is shown in Fig. 1(b). This ﬁgure shows that the
thermal gradients in the solidifying sample were not aﬀected by the
variation in the ampoule cross-section area. The Gl values obtained
from the TC#4, TC#3, TC#2, and TC#1 temperature proﬁles, are 82,
84, 87 and 72 K cm−1, respectively. This indicates that a steady-state
thermal proﬁle in the mushy-zone was maintained during directional
solidiﬁcation process along the sample length, except near the top end
of the samples where TC#1 is located. The unusually low Gl of
72 K cm−1 recorded by TC#1 arises because by the time this thermocouple was at the liquidus temperature there was only 1-cm of melt
column left to solidify, the rest of the sample length below was already
solid. Since the thermal conductivity of the solid phase is about two
times that of the liquid [54], a constant Gl can only be maintained as
long as an adequate length of the melt column, and that of the solidiﬁed
portion exist.
2.2. Metallography and statistical analysis of cell/dendrite distribution
Transverse microstructures were observed along the length of the
DSed samples, below the constriction, at the constriction itself and
above the constriction, by standard polishing and optical metallography
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Fig. 1. Schematic of the hour-glass shaped ampoule used for directional solidiﬁcation of Pb-Sb alloys and a typical thermal proﬁle recorded during DS. (a) Schematic
of the double-wall hour-glass shaped ampoule showing the 2-cm long, [1 0 0] oriented, single crystal seed at the bottom. The seed was partially re-melted and fused
with the melt-stock above before directional solidiﬁcation. The gap between the outer and inner walls of the ampoule was also ﬁlled by the alloy. (b) Thermal proﬁles
recorded by the four thermocouples (TC#1 through TC#4) during a typical directional solidiﬁcation of Pb-5.8Sb alloy at 30 μm s−1, with the furnace hot zone
temperature of 873 K.

techniques. Montages of the microstructures recorded at 50 times
magniﬁcation were created in order to obtain high resolution image of
the entire sample cross-sections. Center of mass of the individual cells/
primary dendrites in the entire sample cross-section were identiﬁed and
electronically recorded as a table of (x,y) coordinates. Following measurements were made from these images.
(1) The minimum spanning tree based ‘nearest neighbor spacing’ (λMST):
Minimum spanning tree (MST) is a connected curve without any
closed loop that contains all of the cell/primary-dendrite centers on
the transverse section and has the shortest total branch-length [55].
Average value of the length of tree-branches (m*) and its standard
deviation (σ*), provide a statistical measure of the nearest-neighbor
distribution of the cells/primary-dendrites. It was shown by Dussert
et al. [55] that the two parameters, m* and σ*, can be normalized
by dividing them by the square root of the average cell surface <
S > , obtained from the corresponding Voronoi tessellations, to
yield m and σ, where,

m=

m∗ N −1
< S> N

(1)

σ=

σ ∗ N −1
<S> N

(2)

The m vs. σ plots can be used to compare the arrangements with
diﬀerent nearest neighbor spacing distributions, including random

noise superimposed on the hexagonal or square lattices [55].
Fraction eutectic constituents (fe) in the Pb-5.8Sb alloy samples
were measured on the transverse microstructures in a manner similar to
that described in Ref. [56].

3. Results
3.1. Dendritic array in medium permeability Pb-5.8Sb alloy
3.1.1. Well-branched primary dendrites
Fig. 2 shows the morphology and distribution of primary dendrites
in a Pb-5.8Sb alloy DSed at 30 μm s−1 and 82 K cm−1. Transverse views
of the entire sample cross-section area at 3-cm above the neck, at the
neck, and at 5-cm below the neck, are presented in Fig. 2(a)–(c) respectively. These ﬁgures also contain higher magniﬁcation views in
their inset. The primary dendrites are more branched in the sections
below and above the necked portion of the sample (Fig. 2(b) and (d));
extent of side branching is less at the neck (Fig. 2(b)). The area-decrease
induced shrinkage ﬂow towards the array tips causes re-melting of sidebranches, thus making the primary dendrites appear blunt. This observation is also conﬁrmed by the shape factor measurement of the
dendrites, as shown below. Fig. 2 also shows that for this well-branched
primary dendrite sample the underlying square arrangement of sidearms initiated by the single-crystal seed was retained throughout the
sample length, as the liquid-solid interface traversed through the neck

Fig. 2. The inﬂuence of cross-section-change driven ﬂow on the primary dendrite morphology and distribution in a Pb-5.8 wt. pct. Sb alloy DSed at 30 μm s−1 and
82 K cm−1. (a) 3-cm above the neck, (b) at the neck, (c) 5-cm below the neck.

and came back up into the uniform cross-section portion of the ampoule, i.e., the cross-section change induced ﬂow did not produce any
additional stray grain.
Fig. 3 shows the variation in the spacing of primary dendrites, and

their shape factor. Fig. 3(a) shows the nearest-neighbor spacing distribution (determined from the MST branch-length distributions) as a
function of distance from the neck. The 5, 10, 25, 50, 75, 90 and 95
percentile values from these distributions are indicated by their

Fig. 3. Dendrite spacing and shape factor variation as a function of distance from the neck for the Pb-5.8 Sb alloy DSed at 30 μm s−1 and 82 K cm−1. (a) Nearest
neighbor spacing (λMST) distribution (determined from the MST branch-length distributions). (b) Primary dendrite spacing variation along the sample length. The
median nearest neighbor spacing (λMST) and its corresponding one standard deviation is indicated by circle symbols. The triangles correspond to the primary spacing,
λA, obtained by the area method. (c) Dendrite shape factor variation.

respective symbols. There is a continued decrease in the nearestneighbor spacing as the liquid-solid interface enters the neck, followed
by an increase to its previous level as it exits the neck. It is interesting to
note that the entire spacing distribution, the maximum, the median and
the minimum, follows this trend.
Fig. 3(b) plots the median nearest-neighbor spacing (λMST) (indicated by circles) and its standard deviation, together with the primary
spacing (λA) as determined by A 0/(N−1) (indicated by triangles). The
λMST decreases from 180-μm to 125-μm as the liquid-solid interface
approaches the neck; and it increases again back to 180-μm after the
interface reaches above the neck. The same behavior is also indicated
by the λA. It is interesting to note that the area-based primary arm
spacing values are invariably higher than those determined by the MST
method.
Decrease in the primary dendrite spacing is associated with melting
of their side-branches as indicated by the dendrite shape-factor values
shown in Fig. 3(c). This ﬁgure shows the variation in the dendrite
shape-factor along the length of the sample, and its ± one standard
deviation. The shape factor is about 0.2 in the bottom portion of the
sample. It slowly rises as the liquid-solid interface moves into the neck
reaching a maximum value of about 0.3 and begins to decrease as the
interface moves away from the neck, ultimately reaching its original
value of about 0.2. Let us recall that the shape factor is unity for circle
and it decreases with an increase in the extent of side-branching.
Fig. 3(c) conﬁrms that the decrease in the primary dendrite spacing as
the liquid-solid interface enters the neck portion of the hour-glass
shaped ampoule is associated with the melting of side-branches.
3.1.2. Less-branched primary dendrites
Fig. 4 shows the eﬀect of changing cross-section on the dendrite
morphology and distribution in a Pb-5.8 Sb alloy sample that was DSed
at 82 K cm−1 and 2.5 μm s−1. This growth speed lies just above the cell
to dendrite transition speed and produces stubbier and less branched
primary dendrites than those grown at 30 μm s−1 (Fig. 2). Fig. 4(a)
shows that the microstructure is initially dendritic as the liquid solid
interface traverses the uniform cross-section portion of the quartz tube

below the neck. It changes from dendritic to cellular, as the liquid-solid
interface approaches the constriction (Fig. 4(b) and (c)). As the interface traverses away from constriction, back into the uniform crosssection region above the neck, the morphology transforms back to
dendritic (Fig. 4(d)–(f)).
Fig. 5(a) plots the corresponding nearest-neighbor spacing distributions determined from the MST-branch length distributions as a
function of distance from the neck. For this sample, the primary dendrites having nearest-neighbor spacing larger than the median show the
same behavior as described above for the well-branched primary dendrites (Fig. 3(a)); their spacing decreases as the interface enters the
neck and increases again to its normal value as it exits the neck. The
primary dendrites with nearest-neighbor spacing less than the median,
however, remain unaﬀected by the cross-section change. Apparently on
the same cross-section those primary arms which are more dendrite-like
(with extensive side branches) and thus have the larger spacing are
more aﬀected by the cross-section change induced ﬂow than those
which are more cell-like and have smaller spacing. Fig. 5(b) plots the
median nearest-neighbor spacing, λMST, (indicated by circles) and the
primary spacing, λA, (indicated by triangles) as a function of distance
from the neck. The area-based primary spacing decreases from an initial
value of about 200-μm to about 175-μm at the neck. Then as the liquidsolid interface exits the neck, the value increases and becomes same as
before the neck, about 200-μm. The decrease in this sample is, however,
much smaller than 50-μm decrease observed for the Pb-5.8 Sb sample
grown at 30 μm s−1 which had well-branched primary dendrites
(Fig. 3(b)). The median nearest-neighbor spacing obtained from the
MST branch length distribution also shows a similar behavior.
The corresponding shape factor change is shown in Fig. 5(c). As
expected from the blunter dendrite morphology observed in this experiment, compared with the sample grown at 30 μm s−1, the shape
factor is higher; about 0.5 versus 0.2. There is a gradual increase in the
shape factor from about 0.4 to about 0.7 as the liquid-solid interface
moves towards the neck region of the hour-glass ampoule. This is followed by a decrease as the interface comes back into the constant crosssection region of the ampoule.

Fig. 4. Primary dendrite morphology and distribution on the transverse sections along the length of a Pb-5.8 Sb alloy DSed at 2.5 μm s−1 and 82 K cm−1 in an hourglass shaped ampoule. (a) 5-cm below the neck, (b) 1-cm below the neck, (c) at the neck, (d) 6-mm above the neck, (e) 2-cm above the neck, and (f) 4-cm above the
neck.

Fig. 5. Dendrite spacing and shape factor variation as a function of distance from the neck for the Pb-5.8Sb alloy DSed at 2.5 μm s−1 and 82 K cm−1. (a) Nearest
neighbor spacing (λMST) distribution (determined from the MST branch-length distributions). (b) Primary dendrite spacing variation along the sample length. The
median nearest neighbor spacing (λMST) and its corresponding one standard deviation is indicated by circle symbols. The triangles correspond to the primary spacing,
λA, obtained by the area method. (c) Dendrite shape factor variation.

3.2. Cellular array in low permeability Pb-2.2 Sb alloy
Fig. 6(a) shows the cellular array microstructure on transverse
sections at 4-cm below the neck for Pb-2.2 Sb alloy solidiﬁed at
82 K cm−1 and 2.5 μm s−1. The row-like appearance of the cells is an
artifact due to joining of nearby cells. The liquid-solid interface becomes planar (feature-less) as it goes through the neck, Fig. 6(b). The
cellular morphology again develops once the interface is in the constant
cross-section portion of the ampoule as shown in Fig. 6(c), corresponding to 5-cm above the neck.
Fig. 7(a) shows that as the liquid-solid interface moves towards the
neck, the nearest-neighbor spacing also begins to decrease; the entire
nearest-neighbor spacing distribution (5, 10, 25, median, 75, 90 and 95
percentile) follows this trend. Since the morphology became planar at
the neck there are no spacing data for that location. The spacing increases gradually again as the liquid-solid interface emerges from the
neck and moves into the uniform cross-section portion of the ampoule.
Both, the median nearest-neighbor spacing and the mean primary
spacing, show similar behavior (Fig. 7(b)). The decrease in the primary
spacing due to the cross-sectional area change for this sample is only

about 15-µm; this is much smaller than about 50-µm observed for the
well-branched dendrite array described in Fig. 3(b). It was not possible
to carry out a meaningful shape factor measurement due to the lack of
clearly deﬁned cell boundaries for the cell morphologies indicated in
Fig. 6.

3.3. Dendritic array in high permeability Pb-10.8 Sb alloy
This hypoeutectic alloy composition is very close to the eutectic, Pb11.2 Sb, and results in a small fraction of well-branched primary dendrites and a large volume fraction of interdendritic eutectic when it is
DSed at 82 K cm−1 and 30 μm s−1 (Fig. 8). Insets show higher magniﬁcation views. The primary dendrites have long secondary side-branches with tertiary arms. The square grid of the primary dendrite distribution reﬂects the single crystal orientation brought about by
the 〈1 0 0〉 seed. A comparison of Fig. 8(a) and (b) shows that as the
liquid-solid interface approaches the neck, morphology of the primary
dendrites changes drastically. There is a drastic decrease in the length
of side-branches and the tertiary arms are absent; the primary dendrites
are, therefore signiﬁcantly blunter. Primary dendrites regain their

Fig. 6. Cellular array morphology and distribution on the transverse sections along the DSed length of Pb-2.2 Sb grown at 2.5 μm s−1 and 82 K cm−1 in an hour-glass
shaped ampoule. (a) 4-cm below the neck, (b) at the neck, (c) 5-cm above the neck.

original morphology having long side-branches after the liquid-solid
interface emerges from the neck, as shown in Fig. 8(c), 2-cm above the
neck. They, however, no longer have the original four-fold square grid
type of long range order seen in Fig. 8(a). This indicates extensive
convection-driven sub-grain formation as the mushy zone passes
through the constriction.
Fig. 9 shows the change in the nearest neighbor spacing distribution
of primary dendrites along the length for this Pb-10.8 Sb sample grown
at 82 K cm−1 and 30 μm s−1. The entire spacing distribution, from the
largest to the smallest shows a decrease as the interface enters the neck.
The spacing decrease due to the section change for this alloy is similar
to that earlier described Pb-5.8 Sb alloy grown at 30 μm s−1, about 60μm.

3.4. Longitudinal macrosegregation in DSed Pb-5.8Sb samples
The hypoeutectic Pb-Sb alloys are susceptible to “plume-type”
thermosolutal convection [11] during directional solidiﬁcation, because the solute rich eutectic melt at the bottom of the mushy-zone

(11.8 wt. pct. Sb), is lighter than the solute poor melt at the array tips,
about 5.8 wt. pct. Sb (ignoring the minimal solute build-up due to the
dendrite tip curvature). The resulting convection continually sweeps
the solute from the mushy-zone into the bulk melt ahead, as the sample
is DSed. This makes the DSed portion of the sample solute poor, and the
last liquid to freeze, solute rich [57–59]. The area fraction of the eutectic constituent (fE) on a transverse microstructure is one measure of
the local mean solute content. The Pb-5.8 Sb alloy is expected to have
fE ∼ 0.42. Fig. 10(a) plots experimentally measured fE on several crosssections along the DSed length in the two 5.8 Sb samples grown at 2.5
and 30 μm s−1. At 2.5 μm s−1, fE in the DSed portion is only
0.22 ± 0.04 (Fig. 10(a)), suggesting that at 2.5 μm s−1 the ‘plume
type” thermosolutal convection was quite severe. The ﬂow continually
swept the solute from the solidifying mushy-zone into the melt column
ahead, ultimately accumulating most of the solute in the last liquid left
to freeze. At 30 μm s−1, fE is approximately 0.46 ± 0.03, which is close
to 0.42, the value expected in the Pb-5.8 Sb alloy. It suggests that at
30 μm s−1 the “plume type” thermosolutal convection was minimal.
These observations are in agreement with the previously seen behavior;

Fig. 7. Primary spacing variation of cells as a function of distance from the neck for the Pb-2.2Sb grown at 2.5 μm s−1 and 82 K cm−1. (a) Nearest neighbor spacing
(λMST) distribution (determined from the MST branch-length distributions), (b) Primary dendrite spacing variation along the sample length. The median nearest
neighbor spacing (λMST) and its corresponding one standard deviation is indicated by circle symbol. The triangles correspond to the primary spacing, λA, obtained
from A 0/(N−1) .

Fig. 8. Primary dendrite morphology and distribution on the transverse sections along the DSed length of Pb-10.8 Sb grown at 30 μm s−1 and 82 K cm−1 in an hourglass shaped ampoule. (a) 2-cm below the neck, (b) at the neck, (c) 2-cm above the neck. Insets present higher magniﬁcation views.

Fig. 9. Nearest neighbor spacing (λMST) distribution of primary dendrites (determined from the MST branch-length distributions) as a function of distance
from the neck for the Pb-10.8 Sb alloy DSed at 30 μm s−1 and 82 K cm−1.

when the same alloy was DSed in constant diameter ampoules the extent of longitudinal macrosegregation decreased with increasing
growth speed [57–59].

to remain constant along the length of the DSed sample. Therefore,
dendrite spacing to trunk diameter ratio is also expected to remain
constant along the length. As typically shown in Fig. 10(b), the trunk
diameters of primary dendrites were measured on several cross-sections
by drawing crosses across the primary arms which join the interdendritic eutectic located at the opposite ends. Fig. 10(c) shows the
variation in the measured primary dendrite trunk diameter as a function of distance from the neck for the two Pb-5.8 Sb samples grown at
30 and 2.5 μm s−1. The trunk diameter at the neck is larger as compared
to that before or after the section-change, 65 μm vs. 45 μm at 30 μm s−1,
and 155 μm vs. 120 μm at 2.5 μm s−1. The ratio of the experimentally
observed median nearest neighbor spacing (λMST) and the corresponding primary dendrite trunk diameter is plotted in Fig. 10(d). Since
the cross-section induced advective ﬂow towards the growing dendrite
array decreases the primary spacing, and also increases the trunk diameter, a distinct drop is observed in the (λMST) to trunk diameter ratio
at the neck. The sharp drop at the larger growth speed is especially
interesting, because had there been no section-change induced advective ﬂow, the λMST to trunk diameter ratio would have remained
constant along the DSed length; because at this growth speed the
‘plume type’ thermosolutal convection is virtually absent.

3.6. Inﬂuence of cross-change induced advective ﬂow on the ordering of
cells/dendrites

3.5. Primary dendrite trunk diameter
Under steady-state growth conditions (constant thermal gradient,
growth speed and alloy composition) the primary dendrite spacing
[60], and the primary dendrite trunk diameter [61], both, are expected

Fig. 11 plots the m-σ parameters for the minimum spanning trees
obtained for the three samples examined in this study at various crosssections along their solidiﬁed length: Pb-5.8 Sb grown at 30 μm s−1
(thick dashed line with open circular symbols) and 2.5 μm s−1 (thick

Fig. 10. Inﬂuence of cross-section change driven ﬂow on the primary dendrite trunk diameter in Pb-5.8Sb alloy DSed at 30 and 2.5 μm s−1 (82 K cm−1). (a)
Longitudinal macrosegregtaion as indicated by area-fraction of eutectic constituent in the transverse microstructure. (b) Typical primary dendrite trunk diameter
measurement. (c) Primary dendrite trunk diameter is larger at the neck as compared to before or after the neck. (d) Nearest neighbor spacing to trunk diameter ratio
shows a distinct decrease at the constriction, especially at 30 μm s−1.

dotted line with open square symbols), and Pb-2.2 Sb grown at
2.5 μm s−1 (dashed line with open triangular symbols), all with a
thermal gradient of 82 K cm−1. The arrow heads along these three lines
indicate the path of directional solidiﬁcation. By following these arrows, one can follow the directional solidiﬁcation process from the
beginning to the end, as the liquid-solid interface moves from the
uniform cross-section portion below the neck towards the constriction,
and then exits into the uniform cross-section portion above. The “ﬁlled”
symbols on these three lines correspond to the section at the neck.
The ﬁne dotted line in Fig. 11 represents the m-σ behavior for a
simulated square-lattice with increasing superimposed random noise. A
square lattice would yield m = 1 and σ = 0. The crosses on this line
correspond to a 10% noise increment, starting from the perfect square
lattice at m = 1 and σ = 0. As disorder is introduced into this lattice by
superimposing random noise the m value decreases from unity and σ
value increases from zero. Clustering of m-σ data around this line is an
indication of the inﬂuence of the underlying long range ordering due to
the [1 0 0] seed on the distribution of the primary dendrites. Location of
data away from the line indicates loss of such inﬂuence.
The triangular symbols in Fig. 11, corresponding to the Pb-2.2Sb
alloy sample grown at 2.5 μm s−1 (Fig. 6), indicate that the [1 0 0]
single crystal has no inﬂuence on the distribution of primary arms with

cellular morphology. This is not the case for the well-branched primary
dendrites in Pb-5.8 Sb grown at 30 μm s−1 whose m-σ values (circular
symbols in Fig. 11) are clustered near the line corresponding to the
simulated disordered square lattice. The transverse microstructures of
this sample (Fig. 2) also showed that the long-range ordering of dendrites initiated by the single-crystal seed was retained throughout the
sample length, as the liquid-solid interface traversed through the neck
and came back into the uniform cross-section portion of the ampoule.
As shown in Fig. 4(a), the arrangement of the primary dendrites in
the uniform cross-section portion below the neck reﬂected the underlying square-arrangement resulting from the 〈1 0 0〉 seed for the Pb-5.8
Sb sample grown at 2.5 μm s−1, a growth condition very close to the
cell/dendrite transition. This is also indicated by the ﬁrst two square
symbols of the thick dotted line in Fig. 11, corresponding to the region
well below the neck, being located close to the simulated disordered
square lattice line. But as the primary dendrites ﬁrst lose their sidebranches, transforming into cells in the constriction region, and then
develop their side-branches again while exiting the neck, their initial
ordering from the seed is completely lost, as indicated by the location of
the ﬁnal two square symbols on the thick dotted line in Fig. 11. This is
due to the formation of new sub-grains made possible by the convection
arising from the cross-section change during directional solidiﬁcation.

Lehmann et al. [64] derived the following relationship between the
primary spacing in the absence and in the presence of a convective ﬂow
parallel to the primary arms,

(λ o / λ )2−1 = Vp/ R

Fig. 11. The m-σ parameters for the minimum spanning trees obtained for the
three samples at various cross-sections along their solidiﬁed length: Pb-5.8 wt.
pct. Sb grown at 30 μm s−1 (thick dashed line with open circular symbols) and
2.5 μm s−1 (thick dotted line with open square symbols), and Pb-2.2 wt. pct. Sb
grown at 2.5 μm s−1 (dashed line with open triangular symbols), all with a
thermal gradient of 82 K cm−1. The arrow heads on the lines indicate the direction of the solidiﬁcation process as the liquid-solid interface moves from the
uniform cross-section portion below the neck towards the constriction, and then
exits into the uniform cross-section portion above. Exact locations of the neck
are marked by ﬁlled symbols. The ﬁne dotted line represents the m-σ behavior
for a simulated square-lattice with increasing superimposed random noise; the
crosses correspond to a 10% noise increment, starting from perfect square
lattice at m = 1 and σ = 0.

Low-speed high thermal gradient growth conditions, close to the cell/
dendrite transitions, should, therefore, be avoided during directional
solidiﬁcation of superalloy single-crystal turbine blade components.

4. Discussion
During solidiﬁcation there is a shrinkage driven (advective) ﬂow
towards the liquid-solid interface because of the volume decrease associated with the solidiﬁcation. As the liquid-solid interface enters the
necked portion of the hour-glass shaped ampoule, the solidiﬁcation of a
larger cross-section area at the bottom of the mush has to be fed
through a narrower cross-section liquid region at the top which introduces additional advection towards the interface. Therefore, the
magnitude of advective ﬂow towards the cellular/dendritic array tips
increases as compared with that during solidiﬁcation in the uniform
cross-section region of the sample. The cross-section area at the neck is
¼ of that in the constant diameter portion, and the solidiﬁcation
shrinkage for Pb-6Sb, as reported in Ref. [62] is 3.11%. Therefore, the
maximum speed of the ﬂow towards the array tips at the neck could be
about 12.4% of the growth speed. The melt ahead of the array tips is not
only warmer, it is also solute rich because of the “plume type” thermosolutal convection. The advective ﬂow brings the warmer solute rich
melt from ahead of the primary dendrite array towards their tips. This
can remelt and suppress the growth of side-branches.
Our ampoule cross-section area decreased over a distance of about
2 cm and then increased over a similar distance. The thermal gradient
in the mushy-zone measured from Fig. 1(b) is about 74 K cm−1, which
would make the mushy-zone to be 0.48 cm long for the Pb-5.8Sb alloy,
and 0.82 cm long for the Pb-2.2 Sb alloy. The observed morphology
changes, as the solidiﬁcation front enters the neck or exits, therefore,
occur over a growth distance which is about 4 times the mushy zone
length for Pb-5.8 Sb, and about 2.4 times for Pb-2.2 Sb. It may be noted
that our prior experiments have shown that 2 to 3 mushy-zone-length of
DS is required for the array to achieve a new steady-state morphology
after an abrupt change in the growth speed [63].

(3)

Here Vp is the ﬂuid velocity, R is the growth speed, and λo and λ are
primary spacing in the absence and presence of ﬂuid ﬂow. They assumed that the ﬂow velocity parallel to the primary arm remains low
enough that the tip undercooling due to curvature remains unaﬀected.
According to Eq. (1), the ﬂuid ﬂowing towards the array tips at 12.4%
of the growth speed, estimated above, should result in about 6% decrease in the primary spacing. However, the experimentally observed
reductions in the two Pb-5.8Sb alloy samples are much larger, 30% at
30 μm s−1 (Fig. 3(b), λA decreased from 180 to 125 μm), and 12.5% at
2.5 μm s−1 (Fig. 5(b) λA decreased from 200 to 175 μm).
It may be argued that ﬂow towards the liquid-solid interface provides an eﬃcient mechanism to carry away the solute in the melt being
rejected by the process of solidiﬁcation, thus avoiding the buildup of
solute-rich layer and providing stability to the liquid-solid interface
against break-down [24–26]. This would explain the cellular to planar
liquid-solid interface transition observed at the neck region of the Pb2.2 Sb alloy sample grown at 2.5 μm s−1 (Fig. 6). The decreased solutal
gradient in the melt ahead of the tips would increase the marginal
stability wave length [65], and hence result in a larger dendrite-tip
radius. An increased tip radius would also increase the primary dendrite
trunk diameter [61], as observed in this study (Fig. 10(c)).
However, the large decrease in the primary dendrite spacing and
increase in the dendrite shape factor as the liquid-solid interface enters
the neck portion cannot be accounted for by the increased tip-radius
alone. We believe that as the area-decrease-induced advective ﬂow
carrying warmer solute rich melt enters the mushy-zone, it also diminishes the side-branch growth and causes their re-melting. This not
only makes the primary dendrites blunter (larger shape factor), it also
allows the neighboring primary dendrites to come closer together, resulting in the decreased nearest-neighbor spacing.
Following observations support this view.
(1) The decrease in the primary dendrite spacing as the liquid-solid
interface enters the neck portion is always associated with increase
in dendrite shape factor (Fig. 3(b) and (c) for the Pb-5.8 Sb alloy
grown at 30 μm s−1, and Fig. 5(b) and (c) for the same alloy grown
at 2.5 μm s−1). Increase in the dendrite shape factor is a manifestation of reduced side-branch growth near the array tips. In addition, the reverse eﬀect is seen as the liquid-solid interface emerges
from the necked portion into the uniform cross-section portion of
the ampoule (Fig. 3(b) and (c) for the Pb-5.8 Sb alloy grown at
30 μm s−1, and Fig. 5(b) and (c) for the same alloy grown at
2.5 μm s−1).
(2) Larger reduction in the primary dendrite spacing due to cross-section area change is observed for those growth conditions that produce more well-branched primary dendrites; those growing at
higher degree of constitutional super-cooling and having longer
side-branches. For example, there is a decrease of about 47-μm in
the median nearest neighbor spacing for the Pb-5.8 Sb alloy grown
at 30 μm s−1 (Fig. 3(b)) versus only about 12-μm for the same alloy
grown at the lower growth speed of 2.5 μm s−1 (Fig. 5(b)).
(3) Larger reduction in the primary dendrite spacing due to cross-section area change is observed for alloy compositions that produce
more permeable mushy zone. For example, for the identical growth
speed of 30 μm s−1 the Pb-10.8 Sb alloy shows a decrease of about
70-μm in the median nearest neighbor spacing, from about 145 to
75-μm (Fig. 9), as compared with 47-μm, from 177 to 130-μm, for
the Pb-5.8 Sb alloy (Fig. 3(b)).
It is interesting to note that cellular arrays having no side-branches

also show a slight decrease in their spacing as the liquid-solid interface
enters the necked portion of the ampoule. For example, the median
nearest neighbor spacing decreases from about 222 to 208-μm for the
Pb-2.2 Sb alloy growing at 2.5 μm s−1 (Fig. 7(b)). Since the cells do not
have side-branches and their mushy-zone permeability is negligible the
decrease in their spacing must be entirely associated with the changes
in their tip morphology caused by the ﬂow.
It would be interesting to carryout directional solidiﬁcation and
abrupt quench studies in Pb-Sb alloys in similar hourglass shaped ampoules and measure the cell tip radius and the concentration gradients
in the melt immediately ahead of the array tips to elucidate the role of
parallel ﬂow on the cell/dendrite tip morphology.
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